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ABSTRACT
A popular approach for 3D source localization using multiple mi-
crophones is the steered-response power method, where the source
position is directly estimated by maximizing a function of three con-
tinuous position variables. Instead of directly estimating the source
position, in this paper we propose an indirect, distance-based method
for 3D source localization. Based on properties of Euclidean dis-
tance matrices (EDMs), we reformulate the 3D source localization
problem as the minimization of a cost function of a single variable,
namely the distance between the source and the reference micro-
phone. Using the known microphone geometry and estimated time-
differences of arrival (TDOAs) between the microphones, we show
how the 3D source position can be computed based on this variable.
In addition, instead of using a single TDOA estimate per microphone
pair, we propose an extension that enables to select the most appro-
priate estimate from a set of candidate TDOA estimates, which is
especially relevant in reverberant environments with strong early re-
flections. Experimental results for different source and microphone
constellations show that the proposed EDM-based method consis-
tently outperforms the steered-response power method, especially
when the source is close to the microphones.

Index Terms— Source localization, Euclidean distance matrix,
Gram matrix, rank, time-difference of arrival

1. INTRODUCTION

The location of a speech source, relative to some microphones (e.g.,
in mobile phones or hearing aids), is a widely used spatial feature
for speech enhancement or speaker extraction. Often, the localiza-
tion constitutes estimating the source direction of arrival using com-
pact microphone arrays, where it can be assumed that the source is
in the far field. In this paper, we focus on 3D localization, where
the far field assumption is not made, i.e., using spatially distributed
microphones of an acoustic sensor network.

Source localization methods [1–4] can be broadly catego-
rized into direct (one-step) and indirect (two-step) approaches.
The steered-response power with phase transform (SRP-PHAT)
method [1] is a direct approach, which exploits the generalized
cross-correlations [5] between all microphone pairs and can be
interpreted as a delay-and-sum beamformer, steered towards all pos-
sible 3D source positions, and has gained much popularity due to
its robustness against noise and reverberation. A drawback is that it
requires the optimization of three continuous position variables, for
which in practice a discrete 3D grid search is used. Various methods
have been proposed to reduce the computational complexity while
achieving comparable localization performance [6–10].
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Instead of directly estimating the source position, in this paper
we propose an indirect estimation method based on a Euclidean dis-
tance matrix (EDM) [11, 12], containing both the distances between
the microphones (assumed to be known) and the (unknown) dis-
tances between the source and the microphones. We propose to de-
compose the unknown distances into the distance between the source
and the reference microphone and a distance component which is
proportional to the time-differences of arrival (TDOAs) between the
reference microphone and the other microphones. Assuming esti-
mates of the TDOAs to be available allows us to formulate the EDM
and the related Gram matrix as a function of a single variable, rep-
resenting the distance between the source and the reference micro-
phone. Exploiting the rank property of the Gram matrix, we propose
to minimize a cost function which depends on this variable. The es-
timated relative source position can be reconstructed from the Gram
matrix, which minimizes the cost function, and can then be aligned
to the estimated source position using orthogonal Procrustes analy-
sis [12,13]. Since in reverberant environments early reflections may
result in large TDOA estimation errors, we propose a method to se-
lect the best TDOA estimate from a set of multiple candidate TDOA
estimates, based on the same rank property of Gram matrices.

Experimental results for different source and microphone con-
stellations in noisy and reverberant environments show that the pro-
posed EDM-based 3D source localization method outperforms SRP-
PHAT and results in significantly smaller estimation errors when the
source is close to the microphones. Furthermore, we show that the
proposed TDOA selection method leads to a reduction in the number
of large localization errors.

2. SOURCE LOCALIZATION USING SRP-PHAT

We consider a reverberant and noisy acoustic environment with a sin-
gle static speech source and a spatially distributed microphone array
with M > 3 microphones, where mm ∈ R3 denotes the position
of the m-th microphone. The aim is to estimate the source position
s ∈ R3 relative to the microphone positions M = [m1, ... ,mM ],
which are assumed to be known. Assuming synchronized micro-
phones and free field transmission, i.e., no object or head between
the source and the microphones, the TDOA of the direct speech com-
ponent between the i-th and j-th microphone is equal to τi,j(s) =
(||s−mi||−||s−mj ||)/ν with ν the speed of sound.

A common approach to estimate the TDOAs between the micro-
phone pairs is based on the time-domain generalized cross correla-
tion with phase transform (GCC-PHAT) function [5,14,15], defined
between microphone i and j as

ξi,j(τ) =

∫ ω0

−ω0

ψi,j(ω)e
ȷωτdω , (1)

with radial frequency −ω0≤ω≤ω0 and time lag τ . The frequency-
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domain GCC-PHAT function ψi,j(ω) in (2) is given by

ψi,j(ω) =
E{Yi(ω)Y

∗
j (ω)}

|E{Yi(ω)Y
∗
j (ω)}| , (2)

where Ym(ω) denotes the m-th microphone signal in the frequency-
domain and E{·} the expectation operator. The PHAT weighting in
(2) has been shown to improve robustness against reverberation and
noise [14–16]. The TDOA τ̂i,j between the i-th and j-th microphone
is estimated by maximizing ξi,j(τ), i.e.,

τ̂i,j = argmax
τ

ξi,j(τ) . (3)

Building upon GCC-PHAT, the SRP-PHAT method [1] is a pop-
ular method for 3D source localization. The SRP-PHAT functional
for the 3D position p=[px,py,pz]

T is defined as

Ψ(p) =
∑

i,j:i>j

∫ ω0

−ω0

ψi,j(ω)e
ȷωτi,j(p) dω , (4)

where τi,j(p) denotes the TDOA corresponding to a source at posi-
tion p and the TDOAs between all microphone pairs are considered.
The source position is estimated as

ŝSRP-PHAT = argmax
p

Ψ(p) , (5)

which requires the optimization of three continuous variables, i.e.,
0≤px≤Px, 0≤py ≤Py and 0≤pz ≤Pz , with Px, Py and Pz the
room dimensions.

3. EDM-BASED SOURCE LOCALIZATION

In this section, we show how to determine the source position, by
constructing an EDM of the distances between the microphones and
between the source and the microphones (Section 3.1) in a way,
which, together with the TDOAs, allows us to build a cost func-
tion to determine the (unknown) distance between the source and
the reference microphone (Section 3.2). Furthermore, we propose a
method to select the best TDOA estimate out of multiple candidate
estimates (Section 3.3).

3.1. Properties of EDM Matrices

We define the 3 × (M + 1)-dimensional positions matrix as
P = [M|s]. The corresponding (M + 1)× (M + 1)-dimensional
EDM D is defined as

D=

[
D d

dT 0

]
. (6)

This matrix contains the inter-microphone EDM D =
[
D2

i,j

]
, with

Di,j = ||mi−mj || the distances between the i-th and j-th micro-
phones, and the vector of squared distances d=

[
d21,...,d

2
M

]T, with
dm = ||mm−s|| the distance between the source and the m-th mi-
crophone.

In [12, 17], it was shown that an EDM corresponding to a 3D
geometry can be transformed to a Gram matrix, whose rank is at
most 3, as

G=−1

2
(I−1eT)D(I−e1T) , (7)

where I denotes the identity matrix, 1 denotes a vector with ones,
and e denotes a vector with zeros except for the element correspond-
ing to the reference microphone (chosen as the first microphone
without loss of generality), equal to one. The Gram matrix can be
written using the relative microphone and source positions Prel as
G=PT

relPrel, where the absolute positions P are related to the rel-
ative positions Prel via a translation which places the reference mi-
crophone at the origin, and the remaining array is arbitrarily rotated

and/or reflected (preserving the inter-microphone distances). Realiz-
ing that the positive semi-definite Gram matrix has at most 3 positive
eigenvalues which are not equal to zero, i.e., λ1 ≥ ...≥ λ3 ≥ 0 and
λ4= ···=λM+1=0, the relative positions Prel can be written using
the eigenvalue decomposition of G as

Prel =
[
diag

(√
λ1,...,

√
λ3

)
|03×((M+1)−3)

]
UT , (8)

where 03×((M+1)−3) is a 3× ((M + 1)− 3) dimensional matrix
of zeros and U denotes the matrix containing the eigenvectors of
G. The relative positions Prel can be aligned with the absolute po-
sitions P using orthogonal Procrustes analysis [12, 13] by aligning
the relative microphone positions Mrel with the known microphone
positions M. This simultaneously aligns the relative source position
srel with the absolute source position s.

3.2. EDM-Based Cost Function

Defining αs as the distance between the source and the reference
microphone (i.e., αs =d1), the distance between the source and the
m-th microphone can be written as

dm = αs + ντm,1(s) , m=1 , ... ,M , (9)

where τm,1(s) denotes the TDOA between them-th microphone and
the reference microphone. Assuming for now that the TDOAs are
known and considering the distance variable α, we can define dm(α)
similarly to (9), i.e.,

dm(α) = α+ ντm,1(s) . (10)

Using dm(α), we can construct the vector of squared distances
d(α) =

[
d21(α),...,d

2
M (α)

]T, the EDM D(α), and its Gram matrix
G(α). As mentioned in Section 3.1, the rank of G(α) is equal to 3
if α=αs. Motivated by the idea of minimizing the rank of a matrix
as in [18], we now define the cost function

J(α)=

M+1∑
i=3+1

|λi(α)| (11)

which considers all but the three largest eigenvalues λi(α) of G(α).
The absolute values of the eigenvalues are used, since it can not be
guaranteed that the eigenvalues of G(α) are positive for all values
of α (e.g., in case of a mismatch with the TDOAs). If α=αs, then
all but the three largest eigenvalues of G(αs) are equal to zero, such
that J(αs)=0. The optimal value αs can hence be found as

αs = argmin
α

J(α) . (12)

3.3. TDOA Selection

In practice, the TDOAs, of course, are not available, so we now
rewrite (10) to take into account the estimated TDOAs. If the
source or a microphone is close to a wall or the corner of a room,
super-positions of acoustic reflections may lead to peaks in the
time-domain GCC-PHAT function (1), which are higher than the
peak corresponding to the direct path. Basing the TDOA estimate
on these erroneous peaks can result in large errors in the source
localization. We propose to consider C candidate TDOA estimates
per microphone pair, corresponding to the C highest local peaks in
the time-domain GCC-PHAT function. The index cm ∈ {1, ... ,C}
denotes the candidate TDOA estimate τ̂ cmm,1 between them-th micro-
phone and the reference microphone. This means that the distance
variable dm(α,τ̂ cmm,1) now becomes a function of the distance vari-
able α as well as the estimated candidate TDOA estimates, i.e.,

dm(α,τ̂ cmm,1) = α+ ντ̂ cmm,1 . (13)



Fig. 1. Example of the cost function (14) using estimated TDOAs,
considering C = 3 candidate TDOA estimates, with M = 6 micro-
phones (i.e., CM−1 = 35 = 243 total combinations), for a distance
αs=2.28 m between the source and the reference microphone.

M
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Analysis
[12, 13]
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Fig. 2. Overview of EDM-Based Source Localization

Similarly to Section 3.2, we now construct the vector of squared dis-
tances d(α, τ̂ c22,1, ... , τ̂

cM
M,1), the EDM D(α, τ̂ c22,1, ... , τ̂

cM
M,1) and its

Gram matrix G(α, τ̂ c22,1, ... , τ̂
cM
M,1), and determine the optimal dis-

tance variable α̂s with (11) for all CM−1 possible combinations of
candidate TDOA estimates, taking the value with the minimal cost,
i.e.,

α̂s = argmin
α,c2,...,cM

J(α,τ̂ c22,1,...,τ̂
cM
M,1) (14)

This corresponds to the distance between the source and the refer-
ence microphone α and the combination of candidate TDOA esti-
mates which best match with each-other in terms of constructing a
3D geometry. It should be noted that the minimum of (14) is not
guaranteed to be 0 like in (11), due to possible estimation errors in
the TDOAs. For an exemplary 3D source and microphone constel-
lation with αs = d1 =2.28 m, Fig. 1 depicts the dependence of the
cost function J(α,τ̂ c22,1,...,τ̂

cM
M,1) on the distance variable α.

To reconstruct the estimated relative positions P̂rel, only the
three largest positive eigenvalues (for which the cost function (14) is
minimized) and the corresponding eigenvectors are used in (8). The
same alignment procedure is applied as described in Section 3 to
map the estimated relative microphone position ŝrel to the estimated
microphone position ŝ. An overview of the EDM-based source
localization is depicted in Fig. 2.

4. PRACTICAL IMPLEMENTATION

In this section, we discuss practical considerations to implement the
previously discussed localization algorithms from Sections 2 and 3
in the short-time Fourier transform (STFT) domain.

4.1. Implementation of SRP-PHAT

In practice, the maximization of the SRP functional Ψ(p) in (5),
which depends on 3 continuous variables, is approximated through
an exhaustive search on a discrete grid p′. First, the integral in (4) is
approximated by a sum over STFT frequency bins, i.e.,

Ψ[l](p′) =
∑

i,j:i>j

K−1∑
k=0

ψi,j [k,l]e
ȷ2πfsτi,j(p

′)k/K , (15)

with frequency bin index k∈{0,...,K−1}, where K is the Fourier
transform length, and frame index l ∈ {1,...,L}. Assuming a static
source, the source position is then estimated by maximizing the sum

of the SRP-PHAT functionals over L frames, i.e.,

ŝ′SRP-PHAT = argmax
p′

L∑
l=1

Ψ[l](p′) . (16)

Since we perform a summation over frames in (16), we use instan-
taneous estimates of ψi,j [k,l] in (15) (i.e, the expectation operation
in (2) constitutes an average over a single frame) in order to not per-
form two temporal averaging operations.

Exhaustively searching for the 3D source position estimate at a
high grid resolution can be computationally demanding. Similarly
to coarse-to-fine region contraction in [6], we first evaluate (16) on
a coarse 3D grid and then in the vicinity of a few points where SRP-
PHAT yields the highest values, we evaluate the SRP-PHAT func-
tional on a fine grid in those regions.

4.2. Implementation of EDM-Based Localization

In the STFT-domain, GCC-PHAT ψi,j [k,l] is estimated in each fre-
quency bin k and time frame l, and the the continuous Fourier trans-
form in time-domain GCC-PHAT is approximated with an inverse
discrete Fourier transform for discrete time-lags n (with τ =n/fs),
i.e.,

ξm,1[n,l] =

K−1∑
k=0

ψm,1[k,l]e
ȷ2πnk/K . (17)

with fs the sampling frequency. To achieve a more precise TDOA
estimate, the time-domain GCC-PHAT function ξm,1[n,l] can be in-
terpolated between the discrete time-lags n with a factor R≥1. The
lower and upper limits of the possible time-lags are dependent on the
distances between the microphone pair, i.e., |nm| < RfsDm,1/ν.
Using the interpolated time-domain GCC-PHAT, the sample-delay
between the m-th and the reference microphone is estimated as

n̂m = argmax
nm

L∑
l=1

ξm,1[nm,l] , (18)

corresponding to the estimated TDOA τ̂m,1= n̂m/(Rfs). Similarly
to the previous section, since we perform a summation over frames
in (18), we use instantaneous estimates of ψi,j [k,l] in (17).

5. EXPERIMENTAL EVALUATION

In this section, we experimentally compare the source localization
performance of the proposed EDM-based method (for up to three
candidate TDOA estimates C per microphone pair) with the SRP-
PHAT method for four different distances between the source posi-
tion and the centroid of the microphone positions.

5.1. Scenario and Algorithm Parameters

For the simulations, we considered a rectangular room with dimen-
sions 6× 6× 2.4 m and simulated room impulse responses using
the image method [19,20], assuming equal reflection coefficients for
all walls. The M = 6 spatially distributed microphones were ran-
domly positioned within a cube with cube length 2 m (with a min-
imum distance of 2 cm between the microphones) and the source
was located at one of four fixed distances αc ∈{0.5,1,2,3} m from
the centroid of the microphone positions (in a random direction).
For each source distance αc, we considered 100 acoustic scenarios,
using a 5 s speech signal randomly selected from [21] (with equal
probability for a male or female speaker) as the source signal. The
reflection coefficients were set for each scenario such that the room
impulse responses had an average direct-to-reverberant ratio of ap-
proximately 0 dB over the microphones. This was achieved by set-
ting T60 = 0.60± 0.14 s for αc = 0.5 m, T60 = 0.47± 0.10 s for



Fig. 3. Box plots of the localization errors εs (over 100 scenarios) for the SRP-PHAT method and the EDM-based method (with different
numbers of candidate TDOA estimates C per microphone pair), for different distances αc between the source and the centroid of the dis-
tributed microphones. The number of results outside of the plotted range are denoted by red numbers at the top.

Table 1. Median localization errors (over 100 scenarios) for the
SRP-PHAT method and the EDM-based method, corresponding to
the box plots in Fig. 3

Median εs [m]
αc[m] SRP-PHAT EDM, C=1 EDM, C=2 EDM, C=3

0.5 0.231 0.001 0.001 0.001
1 0.101 0.002 0.002 0.002
2 0.065 0.011 0.010 0.009
3 0.089 0.061 0.041 0.033

αc =1 m, T60 =0.29±0.04 s for αc =2 m and T60 =0.25±0.03
s for αc =3 m. Spherically isotropic multi-talker babble noise was
generated using [22] and added to the reverberant speech compo-
nent in the microphones at 5 dB signal-to-noise ratio. The sampling
frequency was equal to 16 kHz.

The algorithms were implemented using an STFT framework,
with a frame length of 512 samples (corresponding to 32 ms), 50%
overlap between frames, a discrete Fourier transform-length of 1024
samples and using a square-root-Hann analysis window.

For SRP-PHAT, the functional in (15) was evaluated first on a
coarse grid with 10 cm resolution in x-, y-, and z-direction, and
then reevaluated for the three grid points with the highest SRP-PHAT
value on a fine grid with 1 cm resolution in each dimension. For the
proposed EDM-based source localization method, the time-domain
GCC-PHAT function in (17) was interpolated by a factor R= 720.
To emphasize strong peaks, we weighted the time-domain GCC-
PHAT function as ξ̃m,1[nm, l] = exp(15ξm,1[nm, l]) prior to the
TDOA estimation in (18). The candidate TDOAs were selected us-
ing a peak finding algorithm [23]. In (14), the exhaustive search for
the optimal distance variable αs was performed with a resolution of
1 mm, up to a maximal distance determined by the distance between
opposite corners of the room (i.e.,

√
62+62+2.42 m ≈ 8.82 m).

For C=2 candidate TDOA estimates per microphone pair, the num-
ber of combinations of TDOA estimates was CM−1 = 25 = 32,
while for C=3 the number of combinations was CM−1=35=243.

5.2. Performance Comparison

To analyze and compare the performance of the considered 3D
source localization methods, we used the localization error

εs = ||s− ŝ|| . (19)

For different source distances αc, Fig. 3 depicts the box plots of the
localization error (over 100 scenarios) for the SRP-PHAT method
and for the proposed EDM-based method, for different numbers of
candidate TDOA estimates. Tab. 1 presents the corresponding me-
dian localization errors.

Considering source positions outside of the array of distributed
microphones (i.e., αc ≥ 2 m), it is clear from Fig. 3 that by in-
creasing the number of candidate TDOA estimates, both the median
localization errors as well as the number of errors larger than 25 cm
are reduced. This suggests that the proposed procedure, considering
multiple candidate TDOA estimates, is able to identify the TDOA
corresponding to the direct path. Using C =2 or C =3 suffices, to
halve the number of localization errors larger than 25 cm, compared
to usingC=1, and the median localization error can be substantially
reduced, especially for large source distances αc. For source posi-
tions within the array of distributed microphones (i.e., αc ≤ 1 m),
considering more than C=1 candidate TDOA estimates is not nec-
essary, since the median localization error (in Tab. 1) is constantly
at 1 mm or 2 mm, independently of C.

In Fig. 3 it can clearly be observed that when the distance be-
tween the source and the centroid of the microphones αc is smaller
than or equal to the cube length of the array of distributed micro-
phones (i.e., αc ≤ 2 m), the proposed EDM-based source localiza-
tion method results in significantly lower localization errors than the
SRP-PHAT method, regardless of the number of candidate TDOA
estimates. For example, for αc = 2 m, the median localization er-
ror for the EDM-based method is 1 cm ±1 mm (depending on C),
whereas for the SRP-PHAT method the median localization error is
6.5 cm.

For αc = 3 m, the EDM-based method with C = 3 candidate
TDOA estimates and the SRP-PHAT method have overlapping dis-
tributions of localization errors and a comparable number of errors
larger than 25 cm, but the EDM-based method has a lower median
error, i.e., 3.3 cm, compared to 8.9 cm for the SRP-PHAT method.

6. CONCLUSIONS

We have proposed a new 3D source localization method, which,
through properties of EDMs, and by the specific construction of the
EDM containing the distances between microphones and between
the source and the microphones, only requires the optimization of a
single variable, namely the distance between the source and the ref-
erence microphone. As this method relies on estimated TDOAs, we
proposed a method to select the best TDOA estimate out of multiple
estimates in the presence of reverberation. Experimental results for
different source and microphone constellations showed that the pro-
posed EDM-based source localization method consistently localizes
sources with a lower localization error than the commonly used SRP-
PHAT method for all tested source distances. The proposed method
for estimating the best candidate TDOA estimates also results in a
reduction in the number of large localization errors.
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